Abstract. We extend the theorems concerning the equivariant symplectic reduction of the cotangent bundle to contact geometry. The role of the cotangent bundle is taken by the cosphere bundle. We use Albert's method for reduction at zero and Willett's method for non-zero reduction.
A finite dimensional connected Lie group G is said to act by contactomorphisms on a contact manifold if it preserves the contact structure H. For an exact contact manifold (N, η), this means that g * η = f g η for a smooth, real-valued, nowhere zero function f g . G acts by strong contactomorphisms on N , if g * η = η, i.e. G preserves the contact form, not only the contact structure. A G-action by strong contactomorphisms on (N, η) admits an equivariant momentum map J : N → g * given by evaluating the contact form on fundamental fields: J, ξ = η(ξ N ).
Throughout this paper we shall denote by g the Lie algebra of G, by ·, · : g * × g → R the natural pairing between g * and g, and by ξ N the fundamental vector field (or infinitesimal generator) defined by ξ ∈ g. For simplicity, we shall work exclusively with free proper actions, although the extensions of our results to locally free actions is routine; in that case the relevant quotient spaces will be orbifolds instead of manifolds. For a smooth map f : A → B between the manifolds A and B, T a f : T a A → T f (a) B denotes its derivative, or tangent map, at a ∈ A.
The momentum map J is constant on the flow of the Reeb vector field. In addition,
T n J(v), ξ = dη(n)(v, ξ N (n)) for any n ∈ N , v ∈ T n N , and ξ ∈ g. This immediately implies [im(T n J)]
• = {ξ ∈ g | dη(n)(ξ N (n), ·) = 0}, which is the contact analogue of the bifurcation lemma from the usual theory of momentum maps on Poisson manifolds; the term on the left is the annihilator of the subspace in parentheses. For this (contact) momentum map, 0 ∈ g * is a regular value if and only if the fundamental fields induced by the action do not vanish on the zero level set of J. Moreover, if this is the case, the pull back of the contact form to J −1 (0) is basic. Let π 0 : J −1 (0) → J −1 (0)/G and ι 0 : J −1 (0) ֒→ N be the canonical projection and inclusion respectively. The reduction theorem asserts the existence of a unique contact form η 0 on J −1 (0)/G such that π * 0 η 0 = ι * 0 η. Regarding contact reduction at µ = 0, up to now there are two versions available: one due Albert [2] and a very recent one due to Willett [11] .
Albert's method [2] . Let (N, η) be an exact contact manifold with Reeb vector field R and let Φ be a "good" action of a Lie group by strong contactomorphisms. For µ ∈ g * , denote by G µ the isotropy group at µ of the coadjoint action and by g µ its Lie algebra. If µ = 0 is a regular value of J the restriction of the contact form to J −1 (µ) is not basic. This problem is overcome by Albert by changing the infinitesimal action of g µ on J −1 (µ) as follows: ξ → ξ N − µ, ξ R, where R is the Reeb vector field. In general, this infinitesimal action cannot be integrated to an action of G µ . However, if R is complete, this g µ -action is induced by an action of the universal covering group G µ (if G µ is connected) given by (e tξ , n) → φ e tξ (ρ −1 t µ,ξ (n)), where ρ t is the flow of the Reeb vector field. Albert defines the reduced space as J −1 (µ)/ G µ via this new action and shows it is naturally a contact manifold. Willett's method [11] . The idea is to expand µ and to shrink G µ . As above, G is a Lie group that acts smoothly on an exact contact manifold (N, η) preserving the contact form η. Let µ ∈ g * . Willett calls the kernel group of µ, the connected Lie subgroup K µ of G µ with Lie algebra k µ = ker (µ| gµ ). It is easy to see that k µ is an ideal in g µ and therefore K µ is a connected normal subgroup of G µ . Contact reduction (or the contact quotient) of N by G at µ is defined by Willett as
Assume that K µ acts freely and properly on J −1 (R + µ). Then J is transversal to R + µ and the pull back of η to J −1 (R + µ) is basic relative to the K µ -action on J −1 (R + µ) and thus induces a one form η µ on the quotient N µ . If, in addition, ker µ + g µ = g then the form η µ is also a contact form. It is characterized, as usual, by the identity π * µ η µ = i * µ η, where π µ : J −1 (R + µ) → N µ is the canonical projection and i µ : J −1 (R + µ) ֒→ N is the canonical inclusion. It is to be noted that for µ = 0, Albert's and Willett's quotients coincide.
Notations: Throughout the paper we shall denote by
T * Q → Q the respective canonical projections. The Liouville one-forms of T * Q and T * (Q/G) will be denoted respectively by θ and Θ. The naturally lifted action of G on T * Q admits an equivariant momentum map
, where α q ∈ T * q Q, ξ ∈ g, and ξ Q denotes the fundamental vector field defined by the G-action on Q.
The cosphere bundle and its contact structure
Let Q be a differentiable manifold of real dimension n, π Q : T * Q → Q its cotangent bundle, and θ the Liouville form on T * Q. We shall denote by α q , β q etc. the elements of T * Q. Let G be a finite dimensional Lie subgroup of Diff(Q) and denote by Φ : G×Q → Q a free, proper action of G on Q. We denote by Φ * : G × T * Q → T * Q its natural lift to the cotangent bundle of Q. Φ * is still free and proper and preserves the Liouville form θ and thus the canonical symplectic structure −dθ of T * Q. Consider the action of the multiplicative group R + =]0, +∞[ by dilations on the fibers of T * Q \ {0}.
Definition 2.1. The cosphere bundle S * Q of Q is the quotient manifold (T * Q \ {0})/R + . Denote by κ : [α q ] ∈ S * Q → q ∈ Q the associated canonical projection.
The construction described below is standard (see e.g. [9] ). Let π : T * Q \ {0} → S * Q be the canonical projection. The elements of the cosphere bundle are classes that we denote with [α q ]. Of course, (π, R + , T * Q \ {0}, S * Q) is a R + -principal bundle. As such, it always has global sections: it is enough to choose a Riemannian metric on Q (supposed paracompact), to identify T * Q with T Q, S * Q with the unit sphere bundle T 1 Q of T Q, and to consider the canonical inclusion
where 1 T * Q\{0} denotes the identity map of T * Q \ {0}, defines a function f σ : T * Q \ {0} → R + with the following property of compatibility with respect to the action of R + :
The following statement is now clear. We pull back by σ the restriction of the Liouville form and obtain the one-form θ σ = σ * θ on S * Q. One has:
Now, for another global section ρ, with associated function f ρ , we have
and hence we obtain
3) we easily derive that θ σ is a contact form on S * Q if and only if θ ρ is one. But it was proved in [1] that if σ is defined using a Riemannian metric on Q, as explained above, then θ σ is a contact form. Thus we have proved:
Lemma 2.2. θ σ is a global contact form on S * Q for any global section σ.
It is also clear from (2.3) that all these contact forms have the same null space, so that the contact structure does not depend on the choice of σ.
Remark 2.1. Let C(S * Q) = S * Q × R + be the symplectic cone over S * Q, endowed with the symplectic form d(tθ σ ). Then one can easily see that
3. The action of G on the cosphere bundle and its associated momentum map
We shall now lift the free proper action of G to the cosphere bundle and compute the associated momentum map. The action Φ lifts to an action Φ * on T * Q by setting
q Q, and where the upper star denotes the dual map of the linear map to which it is applied. It is clear that the cotangent bundle projection π Q : T * Q → Q is equivariant relative to the actions Φ * and Φ. If the action Φ is free and proper, this equivariance immediately shows that the action Φ * is also free and proper.
Denote by κ Q : [α q ] ∈ S * Q → q ∈ Q the canonical cosphere bundle projection.
This immediately proves that freeness (respectively properness) of the G action on Q implies freeness (respectively properness) of the action Φ * on S * Q. Clearly ( Φ * g ) * θ σ is a multiple of θ σ and the proof is complete. Proof. By direct computation and using (2.2) in the last equality, we have:
To construct a momentum map associated to this action, we need to work with a strong action, that is, we need it to preserve not only the contact structure, but the contact form. This can be achieved by adapting Palais' argument (or, if G is compact, by averaging). Indeed, owing to Lemma 3.1, we may apply Proposition 2.8 in [5] asserting that for a proper action by contactomorphisms, there always exist an invariant contact form. (The proof of this is a straightforward modification of the classical proof of Palais for the existence of invariant Riemannian metrics on paracompact manifolds endowed with a proper Lie group action.) As every contact form on the cosphere bundle is obtained via a global section as above, we shall chose once and for all a section σ for which ( Φ * g ) * θ σ = θ σ . Relative to this contact form the induced action on the cosphere bundle is by strong contactomorphisms.
The associated momentum map J θσ will be denoted for simplicity by J since in what follows no other contact form different from θ σ will be used. Let (S * Q) 0 = J −1 (0)/G be the reduced space corresponding to the regular value 0 ∈ g * . Similar considerations apply to the manifold Q/G proving that its cosphere bundle is a contact manifold. As above, the contact structure can be described as the kernel of a contact form of the type Θ Σ , where Σ :
is a global section and Θ is the Liouville form of T * (Q/G).
The main results
We are now ready to prove:
Theorem 4.1. Let G be a finite dimensional Lie group, acting freely and properly on a differentiable manifold Q. Then (S * Q) 0 , the reduced space at the regular value zero of the cosphere bundle of Q, is contact-diffeomorphic with the cosphere bundle S * (Q/G).
Remark 4.1. Suppose (N, η) is a contact manifold on which a Lie group G acts by strong contactomorphisms. The action can be naturally lifted to the symplectic cone (C(N ), d(tη)) by letting G act trivially on R + ; one obtains an action by symplectomorphisms. It is well known that, in this situation, the reduced symplectic space at 0 is the symplectic cone over the contact reduced space at 0:
This can be applied to N = S * Q and combined with the cotangent bundle reduction theorem it should lead to a "diagram chasing" proof of the theorem. However, we prefer to make the maps involved in the proof precise.
Proof. A first key observation is that the actions of G and R + on T * Q \ {0} commute, so that there exists the diffeomorphism:
Second, applying the cotangent bundle reduction theorem to T * Q, we have the symplectic diffeomorphism (see [1] , [6] , or [8] )
ct (0)/G is its class in the reduced space at zero, and π G : Q → Q/G is the projection. Denote by p 0 :
We want to relate the zero level sets of the contact momentum map J and of the symplectic momentum map J ct . The definition of the (contact) momentum map J, the π relatedness of ξ T * Q and ξ S * Q , formula (2.2), the definition of the Liouville form on T * Q, and finally the π Q relatedness of ξ T * Q and ξ Q yield for any ξ ∈ g
that is,
Since f σ > 0, this implies that
However, J ct (α q ), ξ = α q (ξ Q (q)) for any ξ ∈ g, which shows that ct (0) \ {0}/G)/R + which is easily verified to be the inverse of ϕ 0 , that is, ϕ 0 is a diffeomorphism.
The theorem will be proved if it is shown that ϕ 0
be a global section and let Θ Σ := Σ * Θ be the contact form on S * (Q/G) associated to this section, where Θ is the Liouville form on T * (Q/G). From the discussion in Section 2, we know that Θ Σ is one of the possible contact forms underlying the contact structure of the cosphere bundle S * (Q/G). Thus, to show that ϕ 0 • λ is a contactomorphism, it will be enough to verify that ( ϕ 0 • λ) * Θ Σ is proportional to θ σ , the proportionality factor being a strictly positive function on (S * Q) 0 . To this end, let 
We begin with the computation of (
From the commutative diagram we have
so that using (2.2) with base manifold Q/G, the definition (4.2) of ϕ 0 , and the global formula of the Liouville form on T * (Q/G), we get for any α q ∈ J −1 ct (0) \ {0} and any v ∈ T αq (J −1
On the other hand, since ι 0 : J −1 (0) ֒→ S * Q is the inclusion, from (2.2) and the definition of the Liouville form on T * Q, we get
The two identities (4.8) and (4.9) show that on J −1 ct (0) \ {0} we have the equality The first two examples below use parallelizable manifolds Q. Note that for an n-dimensional parallelizable manifold Q, the cosphere bundle is S * Q = Q × S n−1 .
Example 4.1. Let Q = T n and G = S 1 acting by multiplication on the first factor of the torus and trivially on the other ones. Then Q/G = T n−1 and S * (T n ) = T n × S n−1 . Hence, by Theorem 4.1, we find that (T n × S n−1 ) 0 is contactomorphic with T n−1 × S n−2 .
Example 4.2. Let Q = R n and G = Z n acting by translations on each factor.
Example 4.3. Let Q = S 3 and G = S 1 acting by multiplication (of unitary quaternions by unit complex numbers). Then Q/G = S 2 , the base of the Hopf fibration. It is well known (see, e.g. [7] , Exercise 1.2-4) that S * (S 2 ) is diffeomorphic with SO(3). On the other hand, S * (S 3 ) = S 2 × S 3 . We thus obtain the contact diffeomorphism (
If we want to carry out the cosphere bundle reduction at a point µ = 0, we have a priori two choices: to use Albert's or Willett's reduction methods.
Regarding Albert's reduction method (see its description in the Introduction), nothing will guarantee that the action of the universal cover G µ on S * Q is induced by an action on Q. Example II in [2] describes precisely such a situation. It refers (without naming it explicitly) to the cosphere bundle S * T n of the n-dimensional torus T n . The group is G = T n which acts trivially on itself. For a non-zero regular value µ of norm 1, Albert applies his construction with G µ = R n and obtains the standard circle S 1 as the reduced space. But the action of R n on S * T n does not come from an action of R n on T n ! Thus, Albert's method cannot be used to do contact reduction of the cosphere bundle at a non zero value of the momentum map.
However, Willett's method can be applied, as we shall show below. Contact reduction at a non zero value of the momentum map will embed in a certain cosphere bundle. The precise statement is the following. Recall that K µ denotes the connected normal Lie subgroup of G µ whose Lie algebra is the ideal k µ := ker(µ| gµ ) in g µ . Theorem 4.2. Let Q be a differentiable manifold of real dimension n, G a finite dimensional Lie subgroup of Diff(Q) and Φ : G × Q → Q a smooth action of G on Q. Assume that K µ acts freely and properly on J −1 (R + µ) and that ker µ + g µ = g. Then the contact reduction
is embedded by a map preserving the contact structures onto a subbundle of S * (Q/K µ ).
Proof. Consider the cosphere bundle S * Q endowed with the contact form θ σ preserved by the G-action. Willett [11] §3 proves that J is transversal to R + µ if and only if the K µ -action on J −1 (R + µ) is locally free. Our hypothesis is that this action is in fact free, so the transversality hypothesis in Willett's reduction theorem is satisfied. Together with the other two stated hypotheses, these are precisely the assumptions of Willett's reduction theorem reviewed in the Introduction. Thus (S * Q) µ = J −1 (R + µ)/K µ is an exact contact manifold whose contact form, denoted by θ σ,µ , is characterized by the identity ι * µ θ σ = π * µ θ σ,µ , where ι µ : J −1 (R + µ) ֒→ S * Q is the inclusion and π µ :
As in the proof of Theorem 4.1,
Since the actions of K µ (by cotangent lift) and R + (by dilation in each fiber) on J
where π Kµ : Q → Q/K µ is the canonical projection. To show that ψ µ is well defined, observe that for all
, and ξ ∈ k µ identity (4.3) implies that
since ξ ∈ k µ . This shows that ψ µ is well defined. It is routine to check that ψ µ is smooth. In addition, ψ µ is equivariant relative to the R + -actions on J −1 ct (R + µ) \ {0}/K µ and T * (Q/K µ ) \ {0} respectively and thus it induces a smooth map on the quotients
given by
where
Next we show that ψ µ is injective. If
, then there exists r ∈ R + with ψ µ ( α q ) = rψ µ ( β q ), so using (4.11), α q (v q ) = rβ q (v q ) for every v q ∈ T q Q. This means that α q = r β q since the K µ and R + actions commute, that is,
We need to show that
be a global section and let Θ Σ := Σ * Θ be the contact form on S * (Q/K µ ) associated to this section, where Θ is the Liouville form on T * (Q/K µ ). The form Θ Σ is one of the possible contact forms underlying the contact structure of the cosphere bundle S * (Q/K µ ). Thus, to show that ψ µ • λ µ preserves the contact structures, it will be enough to verify that ( ψ µ • λ µ ) * Θ Σ is proportional to θ σ,µ , the proportionality factor being a strictly positive function on (S * Q) µ . Willett's contact reduction theorem at µ = 0 states that θ σ,µ is characterized by the relation π * µ θ σ,µ = ι * µ θ σ . Thus, it suffices to show that (
* Θ Σ is proportional to ι * µ θ σ with a strictly positive function on J −1 (R + µ) as proportionality factor. To carry this out, we shall need a commutative diagram analogous to the one considered in Theorem 4.1.
As in the proof of Theorem 4.1, we begin with the computation of (
using (2.2) with base manifold Q/K µ , the definition (4.11) of ψ µ , and the global formula of the Liouville form on T * (Q/K µ ), we get for any α q ∈ J
and any v ∈ T αq (J
On the other hand, since ι µ : J −1 (R + µ) ֒→ S * Q is the inclusion, from (2.2) and the definition of the Liouville form on T * Q, we get
The two identities (4.12) and (4.13) show that on J −1 ct (R + µ) \ {0} we have the equality
Formula (2.1) shows that the strictly positive proportionality factor in (4.14) drops to a strictly positive function F µ on the quotient J −1 (R + µ). Since π is a surjective submersion, (4.14) implies that (
µ θ σ where the function F µ > 0, which is the desired identity. This proves that ψ µ • λ µ preserves the respective contact structures.
That ψ µ is an immersion can be proved as in the embedding version of the cotangent bundle reduction theorem (see [1] , §4.3 or [8] , p. 82). Indeed, we observe that µ ′ = µ| kµ = 0, hence considering the action restricted to K µ , the corresponding momentum map J ′ is the restriction of J. We are thus in the conditions of our Theorem 4.1 and obtain a contact-diffeomorphism between
Composing this with the natural inclusion of
we arrive at the desired contact embedding. This ends the proof of the theorem.
Example 4.4. We look again at Albert's example discussed above. We have Q = T n , G = T n acting naturally on itself. Take µ ∈ (R n ) * to be the projection on the last factor: µ(x 1 , . . . , x n ) = x n . Then ker µ = R n−1 , K µ = T n−1 and
, the inclusion being the zero section in T * S 1 followed by the canonical projection.
Example 4.5. We let Q = R 3(n+1) and ϕ be the natural action of G = (R 3 , +) on Q by translations. The lifted action to the cotangent bundle is again by translations: (x, (q i , p i )) → (x+q i , p i ), i = 0, . . . , n. The symplectic momentum map (the linear momentum, see e.g. [8] ) has values in R 3 (which is identified with its dual (R 3 ) * by the usual dot product) and is given by:
Fix now v ∈ R 3 \ {0} and define µ : R 3 → R by µ(ξ) = v · ξ. Then we have:
As G is Abelian, we have k µ = ker µ = v ⊥ ∼ = R 2 . Hence K µ ∼ = R 2 . Define the map f : R 3(n+1) → R 3n+1 by f (q 0 , . . . , q n ) := (q 1 − q 0 , . . . , q n − q n−1 , q 0 · v/ v 2 ).
Clearly f is smooth, surjective, invariant under the K µ -action, and f (q 0 , . . . , q n ) = f (q ′ 0 , . . . , q ′ n ) if and only if q ′ i = q i + x, for all i = 0, . . . , n, where x ∈ v ⊥ . In addition, the kernel of the derivative of f at every point equals the tangent space the K µ -orbit. Hence f induces a diffeomeorphism Q/K µ = R 3(n+1) /R 2 ∼ = R 3n+1 . We thus have:
On the other hand,
since the K µ -action does not affect p 0 , . . . , p n . Applying Theorem 4.2 we have :
So Theorem 4.2 asserts the existence of a contact structure on the above manifold, induced from that of R 3n+1 × S 3n . Note that it is not obvious how to construct directly a contact structure on
Remark 4.2. Observe that ψ µ may no longer be surjective (as the corresponding map of the symplectic case). In fact, since ψ µ maps fibers of J −1 (R + µ)/K µ in fibers of S * (Q/K µ ), if it were surjective it would be so on each fiber, but a simple count of dimensions proves this is impossible. On the other hand, conditions like G = K µ or g = g µ , which ensure surjectivity in the symplectic case, here lead to µ = 0 (because of the condition ker µ + g µ = g). 
